Magnetization curves of deposited finite spin chains by Langwald, H. -T. & Schnack, J.
ar
X
iv
:1
31
2.
08
64
v2
  [
co
nd
-m
at.
str
-el
]  
6 N
ov
 20
18
Magnetization curves of deposited finite spin chains
Henning-Timm Langwald1, ∗ and Ju¨rgen Schnack1, †
1Fakulta¨t fu¨r Physik, Universita¨t Bielefeld, Postfach 100131, D-33501 Bielefeld, Germany
(Dated: November 7, 2018)
The characterization and manipulation of deposited magnetic clusters or molecules on surfaces is
a prerequisite for their future utilization. In recent years techniques like spin-flip inelastic electron
tunneling spectroscopy using a scanning tunneling microscope proved to be very precise in deter-
mining e.g. exchange constants in deposited finite spin chains in the meV range. In this article we
tackle the problem numerically by investigating the transition from where a pure spin Hamiltonian
is sufficient to the point where the interaction with the surface significantly alters the magnetic
properties. To this end we study the static, i.e. equilibrium impurity magnetization of antiferro-
magnetic chains for varying couplings to a conduction electron band of a metal substrate. We show
under which circumstances the screening of a part of the system enables one to deduce molecular
parameters of the remainder from level crossings in an applied field.
PACS numbers: 73.20.Hb, 75.30.Cr, 75.30.Gw, 75.50.Xx
I. INTRODUCTION
The question whether and how deposited magnetic
clusters or molecules change their magnetic properties
when deposited on a metallic substrate is of fundamen-
tal importance especially in view of possible applica-
tions as next generation storage devices or magnetic
logic circuits.1–12 One experimental method to investi-
gate local magnetic properties is spin-flip inelastic elec-
tron tunneling spectroscopy with a scanning tunneling
microscope.1,13 In this method, jumps of the differential
conductivity signal transitions between magnetic levels of
the deposited entity, of course under the assumption of
a weak coupling to the substrate. When interpreting the
observed structure of magnetic levels in such measure-
ments one has to conjecture whether and how much of
the deposited spin system is screened by the conduction
electrons, since this has a great influence on the magnetic
properties of the remainder.
In this article we investigate by means of the Numer-
ical Renormalization Group method (NRG) numerically
exactly,14–16 how the static, i.e. equilibrium magnetic
properties of deposited spin structures as those shown in
Fig. 1 depend on the exchange coupling JA to the sub-
strate’s conduction electrons, the internal exchange cou-
pling J , and the applied magnetic field B at a fixed very
low temperature T . As one of our model spin structures
deposited on the substrate, we want to take a spin chain
of spins s = 1/2 , an object which experimentally can
be formed by stacking layers of cobalt phthalocyanine
molecules.13 This arrangement is sketched in Fig. 1 (a).
For our investigations we employ a single-channel
single-impurity Kondo model as a minimal model to
describe the correlations induced by the exchange
interaction between the conduction electrons of the
non-magnetic metal and one spin of the magnetic
molecule.17,18 As already demonstrated in Ref. 19 the
magnetization steps due to ground state level crossings
in an applied magnetic field can be used as fingerprints
of the underlying spin model. This will be shown by in-
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Figure 1. (Color online) Sketch of the trimer configuration:
stacked magnetic centers interact via an exchange coupling
J , the lowest moment is coupled to the metal surface with
strength JA. J and JA are unknown, J shall be derived from
experimental data. (b) shows a triangular configuration dis-
cussed later in this article.
vestigating different sizes of chains as well as triangular
arrangements of magnetic moments, see Fig. 1 (b).
We would like to stress that our investigations focus
on the equilibrium isothermal impurity magnetization as
a function of the applied magnetic field. Other stud-
ies investigated properties as a function of temperature,
partly within the Kondo model20 or more often in the
closely related Anderson model.21–25 There the focus is
often on the non-equilibrium, i.e. transport properties
of similar structures such as quantum dots,26–28 or more
recently on impurities coupled to superconducting leads,
see 29 for a very recent example. The structure shown in
Fig. 1 (b), for example, was investigated with the differ-
ent focus on the influence of transport on entanglement
in a field-free arrangement in Ref. 30.
As a one-line summary of our investigations we can
state, that under typical experimental situations for typ-
ical magnetic molecules as sketched in Fig. 1 the full
screening of the lowest spin interacting with the sub-
strate requires an antiferromagnetic exchange coupling
larger than 0.2 eV. Otherwise partial screening occurs.
A very recent experimental investigation, where a singly
2occupied molecular orbital was considered, showed that
this value of 0.2 eV is within the potential magnitude of
a coupling to the substrate.31 The experiment featured
a variation of the coupling strength (in the form of the
Kondo temperature) in similar fashion to the theoretical
discussion here.
The article starts with a short reminder of NRG in
Sec. II, presents our results in Sec. III and in Sec. IV,
before it summarizes our main points in Sec. V.
II. REMINDER ON NRG
In order to model a molecule and its coupling to a
surface we use the following Hamiltonian which consists
of three parts:17–19
H
∼
= H
∼ electrons
+H
∼ coupling
+H
∼ impurity
, (1)
H
∼ electrons
=
∑
i6=j, σ
tijd∼
†
iσd∼jσ + gµBB
∑
i
s
∼
z
i . (2)
The first part H
∼ electrons
represents non-interacting elec-
trons on a lattice. The hopping parameter tij is non-zero
only if the lattice sites i, j are nearest neighbors. d
∼
†
iσ
and d
∼jσ
are fermionic creation and annihilation opera-
tors for electrons with spin direction σ. The interaction
with an external magnetic field B is given by the Zeeman
term with s
∼
z
i representing the effective electron spin at
lattice site i, g the g-factor and µB the Bohr magneton.
The second part H
∼ impurity
models the impurity, i.e., the
molecule or chain via an effective Heisenberg model for
all connected spins S
∼i
and a Zeeman term. Jij is the
interaction between spins i and j and antiferromagnetic
for Jij > 0,
H
∼ impurity
= 2
∑
i<j
JijS∼i · S∼j + g µB B
∑
i
S
∼
z
i . (3)
The last part H
∼ coupling
describes the Kondo-like inter-
action of the molecule with the surface. The coupling
constant JA is positive for antiferromagnetic coupling
H
∼ coupling
= 2 · JA · S∼1 · s∼0 . (4)
To calculate thermodynamic values within this model we
use Wilson’s Numerical Renormalization Group (NRG)
with the discretization scheme proposed by Zˇitko and
Pruschke32,33 and a z-averaging for 2 values. A constant
density of states is assumed.
It is possible that in reality molecular orbitals like
those of phthalocyanine molecules hybridize with sur-
face states, compare e.g. Refs. 8, 34–38. Our approach,
like others,17,18 simplifies the situation to a point where
the deposited molecule is reduced to its spin degrees of
freedom which interact with the metal’s conduction elec-
trons.
III. RESULTS AND INTERPRETATION
Before we discuss our numerical results of a finite spin
chain interacting with a metal substrate we would like to
shortly look at a free three-site chain of spins s = 1/2.
Its levels split under the influence of an applied mag-
netic field as depicted on the l.h.s. of Fig. 2. At a
certain magnetic field value Bc = 3 · J/(gµB) the low-
est (S = 1/2,M = −1/2) and (S = 3/2,M = −3/2)
levels cross. If the lowest spin of the trimer would be
completely screened, the remaining dimer would possess
a different level scheme with a different crossing field
Bc = 2 · J/(gµB) as depicted on the r.h.s. of Fig. 2.
Therefore, inferring J from spectroscopic data or equiva-
lently from crossing fields strongly depends on the degree
of screening.
B
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Figure 2. (Color online) Sketch of the Zeeman levels of a
trimer of three spins s = 1/2 (l.h.s.) and of a dimer of two
spins s = 1/2 (r.h.s.).
In the following we discuss the so-called impurity mag-
netization, i.e. the thermal expectation value of molecu-
lar magnetic moment
∑
i S∼
z
i as a function of the applied
field for various couplings to the substrate. In order to
work with reasonable numbers we set the intramolecu-
lar coupling to J = 1 meV and the half-bandwidth of
the metal to W = 1 eV. As the temperature we choose
T ≈ 2 · 10−4 W/kB ≈ 2.36 K, which is lower than the
intramolecular coupling, but not too low so that thermo-
dynamic functions are still smooth.39 In addition, this
temperature reflects the relevant experimental scale of
the related STM investigations.13
After looking at the lowest Zeeman levels of a free
trimer we now consider the coupling of such a trimer to a
surface as described by Eq. (4) and pictured in Fig. 1 (a).
The strength of the coupling is parametrized by JA. The
impurity magnetization curves depicted in Fig. 3 cover
the whole range from the free (JA = 0) or weakly cou-
pled case to the strongly coupled case, which is reached
for JA & 0.5 eV. While the case JA = 0 coincides with
the discussed free trimer by construction, the strongly
coupled case coincides with the magnetization curve of a
free dimer.
Additionally to the magnetization curves, Fig. 3 in-
cludes the crossing fields for various scenarios which can
be derived from the magnetization curves. The vertical
lines marking these fields shift from the analytical solu-
tion of a free trimer towards the analytical solution of a
free dimer for increasing coupling to the substrate. The
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Figure 3. (Color online) Impurity magnetization vs. magnetic
field for the trimer shown in Fig. 1 (a); vertical lines mark
the crossing fields for various scenarios; T ≈ 2 · 10−4 W/kB ≈
2.36 K.
analytical solutions thus are boundaries for the crossing
field independent of the coupling JA.
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Figure 4. (Color online) Impurity magnetization vs. magnetic
field for the strong coupling case; vertical lines mark crossing
fields; T ≈ 2 · 10−4 W/kB ≈ 2.36 K. The magnetization curve
depends only on J , not on JA in the strong coupling case.
Focusing on the strong coupling regime, Fig. 4 shows
variations of the couplings J and JA. Within this regime,
i.e. for strong enough JA, the magnetization curves are
independent of JA and coincide with the solution for a
free dimer and thus depend on the coupling J in the same
way the analytical solution does. In particular, the cross-
ing field is given by Bc = 2 · J/(gµB). Given a strong
enough coupling to reach the strong coupling regime it
is therefore possible to derive J from the crossing field
as done in Ref. 13. Our investigation also shows that
the maximum uncertainty in the determination of J , in
the case of unknown JA, is given by the difference be-
tween the (analytical) solutions for the crossing field of
the unscreened system and the fully screened one.
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Figure 5. (Color online) Impurity magnetization vs. mag-
netic field for trimeric and triangular impurities; T ≈ 2 ·
10−4 W/kB ≈ 2.36 K.
Similar results are obtained if a triangular structure is
used, where all three spins couple to each other, but still
only one couples to the substrate, compare Fig. 1 (b).
In the case of JA = 0 analytical results can be obtained
for both trimer chain and triangle.40 These show that the
magnetization curves and thus the crossing fields coincide
for T → 0 for both systems. Figure 5 shows the magne-
tization curves of triangle and trimer chain for non-zero
temperature where the curves for JA = 0 feature small
differences. For intermediate couplings to the substrate,
0 < JA < 0.5 eV, the differences are more pronounced.
Figure 5 furthermore shows the case of strong coupling
to the substrate, again JA & 0.5 eV. In this case trimer
chain and triangle are indistinguishable on the basis of
their magnetization curves and thus their crossing fields,
compare ×-symbols and upright triangles in Fig. 5.
IV. RELEVANT SCALES
To understand the transition to the strongly coupled
case, as we have seen it in the results, we take a look at
the scales involved in the problem. The Heisenberg spin
Hamiltonian naturally features the internal coupling J ,
which can be associated with an energy scale of
ΩJ ≈ 2J . (5)
4An additional energy scale dependent on the applied
magnetic field arises from the Zeeman term
ΩB ≈ gµBB . (6)
A third scale is tied to the temperature via
ΩT ≈ kBT . (7)
These energy scales now have to be compared to the
energy scale associated with the full screening, i.e. the
energy scale of the Kondo temperature
ΩTK ≈ kBTK . (8)
The Kondo temperature itself can be estimated via its
dependence on the coupling to the conduction band.16,19
Within the context of our model and unit system this
means
TK =
√
JA
W
e
− W
JA
W
kB
, (9)
so that the energy scale associated with it is given by
ΩTK ≈ kBTK ≈
√
JA/W exp
(
−1
JA/W
)
W . (10)
This means that varying the coupling strength effec-
tively varies the Kondo temperature in relation to the
other energy scales.
The original situation, which we attempt to under-
stand, can thus be formulated with these scales. The
observation of the crossing field requires a variation of
the magnetic field within the magnitude of the internal
interaction of the Heisenberg model. Furthermore the
temperature needs to be fixed sufficiently low in compar-
ison to both of these scales
ΩT < ΩJ . ΩB ≪ ΩTK , (11)
Thus the transition from the weakly to the strongly
coupled case can be described in terms of a variation of
the scale ΩTK in comparison to ΩJ
ΩJ ≪ ΩTK , (12)
which translates to
2JI ≪
√
JA/W exp
(
−1
JA/W
)
. (13)
Given the general parameters of our model, the
strength of the internal interaction J and the half-
bandwidth W, we can thus derive a criterion for the
strongly coupled case
JA ≫ 0.2 eV . (14)
This criterion should hold true regardless of the specific
structure of the spin cluster, as it is derived only from
general parameters. It is consistent with our observations
for the spin trimer and spin triangle as discussed above.
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Figure 6. (Color online) Impurity magnetization vs. magnetic
field for tetramer impurities; vertical lines separate areas with
an increase (green arrows) or decrease (red arrows) in magne-
tization by strongly coupling the free system to the substrate;
T ≈ 6 · 10−8 W/kB ≈ 6.92 · 10
−4 K.
Finally, after our consideration of the scales in the
problem, we return to the chain-like impurities. We
extend our original trimer chain to four and five spins
as also experimentally investigated in Ref. 13. Figure 6
shows the magnetization curves of a tetramer chain for
various couplings to the substrate. As one might expect
from the above considerations, the curves are affected by
the coupling to the substrate in a similar way to those
of the trimer chain with the crossing fields decreasing for
stronger couplings. In the strong coupling regime the
tetramer chain then shows the same magnetization curve
and crossing field as the free trimer. Analogously the
magnetization curve and crossing fields of the pentamer
chain, as depicted in Fig. 7, coincide with those of the
free tetramer in the strong coupling limit.
Unlike the other figures, Figures 6 and 7 include ver-
tical lines which confine field intervals of (practically)
constant magnetization for the free and the strongly
coupled chains at a now very low temperature of T ≈
6 · 10−8 W/kB ≈ 6.92 · 10
−4 K. For those interval-ls an
arrow indicates whether the magnetization is increased
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Figure 7. (Color online) Impurity magnetization vs. mag-
netic field for pentamer impurities; vertical lines separate ar-
eas with an increase (green arrows) or decrease (red arrows)
in magnetization by strongly coupling the free system to the
substrate; T ≈ 6 · 10−8 W/kB ≈ 6.92 · 10
−4 K.
(green arrow up) or decreased (red arrow down) due to
the coupling to the substrate. For the tetramer chain
with its ground state spin of S = 0 the screening leads to
an increased magnetization at (and thus a response to)
small magnetic fields. In contrast, the magnetization for
the pentamer chain with its ground state spin of S = 1/2
is decreased at small magnetic fields and thus will not
respond to small magnetic fields in the strong coupling
regime. As would be expected for both the tetramer
and the pentamer chain after considering the scales of
the problem as done above, the strong coupling regime
is only reached for JA ≫ 0.2 eV.
V. SUMMARY
NRG calculations of the impurity magnetization pro-
vide a very valuable tool in order to rationalize ex-
perimental setups and results. Future investigations of
more complicated impurities as for instance magnetic
molecules with non-Heisenberg terms in the Hamiltonian
pose no problem. It is also possible, although numerically
demanding, to investigate impurity problems with more
than one channel, i.e. more than one exchange contact to
the surface by exploiting symmetry properties.41–47 For
the structure of the problem at hand, we were able to see
how the crossing field, indicating level-crossings within
the energy spectrum, is influenced by a coupling of the
spin cluster to the conduction band. Including consid-
erations of the involved energy scales we come to the
conclusion that within the model used and given param-
eters for the internal interaction of scale 1 meV and half-
bandwidth of 1eV, the strongly coupled case will gener-
ally only occur for JA ≫ 0.2 eV.
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